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Abstract 

Observation of the stable growth of indentation cracks in controlled bending tests is an 

attractive tool to study the R-curve behaviour of ceramic materials. In some crack growth 

experiments deviations from the ideal behaviour were observed – i.e. the cracks did not grow 

immediately upon application of the external load, but only after a certain applied stress is 

exceeded. The existence of such a threshold stress intensity for the onset of stable crack 

growth can be described by a disbalance of the residual stress intensity at the indentation 

crack tip and the fracture toughness after completion of the indentation cycle. A fracture 

mechanical description of this phenomenon is presented. The consequences which arise for 

the evaluation of crack growth data are explained by means of measured crack extension 

curves of Knoop indentation cracks in silicon nitride. 

 

 

1 INTRODUCTION 

Indentation cracks that form during the impression of a sharp indenter into a brittle material 

are an useful tool for fracture mechanic studies. They are simple to generate and because they 

are sharp and rather short, they are believed to behave like natural cracks. Therefore they are 

widely used for the determination of the indented material's fracture toughness [1]. 

Furthermore they are of special interest for the measurement of the R-curve: introduced into 

the tensile surface of flexural specimens they may act as starter cracks for crack growth exper-

iments. The residual stress field which is pertinent after the indentation as a consequence of 

an irreversible plastic deformation of the indented material stabilises the crack as it is driven 

by a superimposed bending stress [2, 3]. Such crack growth experiments on Vickers indenta-

tion cracks were performed by several authors [4 - 8]. Measurements of the crack length as a 

function of the applied bending load can be exploited in different ways to experimentally de-

termine the residual stress parameter. 

Crack growth experiments on Knoop indentation cracks were performed in [8]. In these ex-

periments it was observed, that indentation cracks do not grow at low applied stresses, the 
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crack extension curves show an offset. The expected crack extension occurs only if a thresh-

old stress intensity is exceeded. In this paper a similar behaviour for Knoop as well a Vickers 

cracks in silicon nitride together with a possible explanation is discussed. 

 

 

2 THEORETICAL CONSIDERATIONS 

It is usually assumed that indentation cracks are generated and grow as contained subsurface 

cracks below the indenter tip during the loading cycle. Upon unloading they close up below 

the surface but simultaneously open at the surface as the elastic constraint is removed. As the 

residual stress field becomes dominant towards the end of the indentation cycle they grow fur-

ther to form nearly half-penny cracks [1]. 

We assume here according to a common interpretation [9] that indentation cracks form at the 

surface and grow during the loading half-cycle of the indentation process. 

Usually indentation cracks are described as half-penny surface cracks point-loaded at the cen-

tre [1]. The corresponding stress intensity factor Kind is given by: 

23c

P
K ind     , (1) 

where P is the indentation load and c the actual crack size. The coefficient  depends on the 

indenter shape (Knoop, Vickers) and the elastic/plastic behaviour of the indented material.  

During an indentation test the load increases up to a maximum value. The crack grows if the 

stress intensity factor Kind reaches the fracture toughness KIc. In this instance the crack size is 

defined by the condition 

Icind KK     . (2a) 

In the presence of a R-curve behaviour the crack growth resistance KR depends on c and con-

dition (2a) reads 

 cKK Rind     . (2b) 

Under fully applied indentation load we find the related crack size c0 from 

 
23

0

0
c

P
cKR     . (3) 

After removal of the indentation load, some residual stresses remain and the crack driving 

stress field is only partially reduced. Due to the strongly deformed and damaged zone directly 

beneath the indenter tip the crack is wedged open and consequently the crack size remains c0. 

The residual stress intensity factor for this situation, Kres is 

23

0c

P
K res     . (4) 

In analogy to the coefficient , the factor  depends on the indenter geometry and the elas-

tic/plastic properties of the indented material. In this partially unloaded state the stress intensi-

ty factor is reduced from the maximum value under load KR (c0), eq. (3), to 

 0cKK Rres  ,  1     . (5) 
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If a suitable indentation crack-damaged specimen is additionally loaded by an external stress 

(e.g. a bending stress) an additional stress intensity factor Kappl, is caused. In general, the total 

stress intensity factor Ktotal is given as the sum of the residual and the applied stress intensity 

factors,  

cY
c

P
KKK applrestotal  

23
   , (6) 

(Y = geometric function). A possible interaction between the residual and the applied stress 

intensity factors (as outlined in [10, 11]) is neglected here. 

Under an increasing applied stress intensity factor Kappl, it holds: 

   cK
c

P
cK applR 

23
    . (7) 

The condition for stable crack extension can be written in terms of eqs. (4) and (5) as 

     cKcK
c

c
cK applRR 








 0

23

0    . (8) 

Stable crack growth is thus only possible if 

        0,00 1 applRRRappl KcKcKcKK      . (9) 

To provide enough energy for the existing crack c0 to grow, the externally applied stress 

intensity Kappl has to exceed the threshold stress intensity Kappl, 0 (identical to (1-) KR(c0)) 

relieved in the unloading part of the indentation cycle. 

 

 

3 EXPERIMENTAL 

Crack growth experiments were performed on a commercial MgO-doped, gas pressure sin-

tered silicon nitride manufactured by ESK, Kempten. 

Knoop cracks were introduced into mirror polished tensile surfaces of standard bend bars (3 × 

4 × 45 mm
3
) with different loads (49N, 98N, 196N and 294N). The long axis of the indenta-

tion was aligned perpendicular to the prospective tensile stress. The specimens were then 

stepwise loaded to increasing stress levels in 4-point bending mode (40/20 mm fixture). After 

each stress level the crack lengths were measured using an optical microscope. The procedure 

was repeated until failure occurred at the indentation crack. To calculate the geometry factor Y 

of the cracks it was necessary to observe the change of the shape of the indentation cracks 

during stable growth. Some cracks were decorated with lead acetate after a certain stress level 

was reached. These specimens were then broken to reveal the shape of the crack at that par-

ticular stress level. A function Y(c) was determined for each indentation load. Details on this 

procedure can be found elsewhere [12]. 

To gain information on the R-curve, Fig. 1., the fracture toughness was determined at differ-

ent critical crack lengths with SEVN-B-specimens [13], SCF- [14] and SEP-B [15] tests.  

A rough description of the data in Fig. 1 is given by 
















 


B

cc
AKK IR

0
0 exp1  (10) 
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with KI0 = 5.75 MPam, A = 1.55 MPam, and B = 0.2 mm. 

 

Fig. 1: R-curve of the investigated silicon nitride. 

 

 

4 RESULTS AND DISCUSSION 

4.1 Estimation of the residual stress intensity factor Kres 

The crack extension curves for Knoop cracks are shown in Fig. 2a where c  is plotted ver-

sus c
-3/2

. By replotting the data as Kappl = f(P/c
3/2

) according to an idea of BLEISE & 

STEINBRECH [6] the plot of Fig. 2b is obtained. To calculate Kappl, the geometry factor Y of the 

actual crack shape at the applied stress and the formula proposed by NEWMAN & RAJU [16] 

were used. 

a) b) 

  

Fig. 2: Crack extension curves of Knoop indentation cracks; a) P = 294 N (open diamond squares), P = 196 N 

(solid triangles), P = 98 N (open circles), P = 49 N (squares); b) replotted data. 

 

For Kappl < 2 MPam no crack extension is found, what yields in the vertical part of the curve. 

Only a slight influence of the initial crack size c0 on the initial value of P/c
3/2

 can be made out 

for the data with Kappl < 2 MPam (Fig. 3). This value is almost independent of the indenta-
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tion load P and consequently on the initial crack size c0. Above Kappl = 2 MPam stable crack 

propagation occurs. 

 

Fig. 3: Initial value of the quantity P/c
3/2

 versus the initial indentation crack size c0 for Knoop cracks. 

 

The residual stress term can determined from a plot Kappl versus P/c
3/2

 [6],  

23c

P
KK Rappl     . (11) 

In [6] the authors determined  from the negative slope of the obtained straight line. This 

evaluation is of course only a rough estimation and would only be correct for materials with-

out an R-curve effect. Following this evaluation procedure, a least square fit for all data with 

Kappl > 2 MPam of Fig. 2b yields  = 0.16. Introducing  into eq. (7) leads to 

KR(c0)  8.8 MPam for the stress intensity factor at the onset of stable crack propagation. 

Compared to the R-curve shown in Fig. 1 this is a rather high value. This fact indicates that 

this procedure is not suitable to evaluate the coefficient . This disagreement can easily be 

understood. By introducing eq. (10) into (11) we obtain 

2/30

3/2

0 /1,exp1 cxxP
B

cx
AKK Iappl 
















 




  (12) 

This is a relative complicated dependence between Kappl and 1/c
3/2

 and no longer a straight 

line relation. Consequently, a linear fit of Kappl versus 1/c
3/2

 makes no sense. 

Following the theoretical consideration of section 2, a different idea to determine the residual 

stress term is based on the kink in the crack extension curve, Fig. 2b and on eq. (9). Using 

Kappl, 0 = 2 MPam and KR(c0)  7 MPam from the R-curve in Fig. 1, we get 

7

5
    , (13) 

and consequently,  

  mMPa 50 cKres    . (14) 

With eq. (4) the value for the residual stress parameter becomes  = 0.11.  
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4.2 Discussion 

The effect, that indentation cracks do not start to grow immediately upon applying a bending 

stress has also been observed for Vickers indentation cracks in different ceramics, for exam-

ple in stabilised zirconias [5], in alumina [6] and in silicon nitride [7]. It also occurred in so-

da-lime glass [17] in biaxial bending. In the cases, where the residual stress parameter  was 

evaluated from the slope of these crack extension curves [6, 7] and subsequently used to cal-

culate the fracture toughness, these values turned out to be close to plateau values of R-curves 

measured with methods that use "long cracks", i.e. higher than expected. 

The offset in the crack growth curves has been explained by a relaxation of the residual 

stresses in the period between the indentation and the bend testing [5]. KURTH & STEINBRECH 

[18] annealed indented specimens before the bend test to partially release the residual stresses. 

They showed that such a relaxation leads indeed to a threshold for the applied stress intensity 

before stable crack extension occurs. It is however not clear which post-indentation processes 

may lead to such a pronounced stress relaxation at room temperature. The explanation of the 

offset by a post-indentation stress relaxation is formally identical with the idea presented in 

this work. It can be expressed in a form similar to eq. (5). 

The example shown in the previous section 4.1 clarifies the consequences of the existence of 

threshold stress intensity (offset) for stable growth of indentation cracks for the use of such 

data for the evaluation of R-curves. Evaluation of the residual stress parameter  solely from 

the slope of the data results in erroneous results for the R-Kurve KR(c). A correct value for  

can be determined if additional information on the toughness at the as-indented crack length, 

KR(c0), is provided via an independent measurement. On one hand, this limits the use of stable 

indentation crack growth data for R-curve measurements, but on the other hand it also pro-

vides a means to calibrate the unknown parameter , one of the major uncertainties pertinent 

to indentation crack methods. 

 

 

5 CONCLUSION 

The threshold stress intensity often observed for stable crack growth of Knoop indentation 

cracks can be explained by a disbalance of the residual stresses and the crack size remanent 

after completion of the indentation cycle. The residual stress intensity at the crack tip is 

smaller than the fracture toughness. If such an indentation crack is subjected to an external 

loading, the difference between residual stress intensity and the fracture toughness has to be 

equalised by the applied stress intensity before stable crack growth may take place. For a giv-

en material this necessary threshold stress intensity does strongly depend on the shape of the 

indenter. 

As a consequence of this threshold stress intensity it is not possible to determine the residual 

stress parameter of indentation cracks correctly solely from the slope of crack extension 

curves. The true value of  can only be found if additional information on the fracture tough-

ness is provided. This fact complicates the use of crack growth data of indentation cracks for 

the measurement of R-curves.  
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