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Abstract
A model for dynamic recrystallisation is presented, which was developed for face-centred cubic materials with low stacking fault energies. The critical conditions for nucleation are derived and a nucleation model is used that deﬁnes the nucleation rate as the velocity
determining factor and that is based on the thermal climb of edge dislocations. Stable nuclei grow in dependence on the grain boundary
mobility, thus a grain size distribution can be derived. During deformation, a time-dependent dislocation density gradient develops in the
recrystallised grains, which leads to a corresponding dislocation density over all recrystallised grains. If the recrystallised grain fraction
meets the critical conditions for the onset of recrystallisation, a second cycle will start. The development of grain size and recrystallised
fraction is compared with measured data.
Ó 2005 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
Keywords: Dynamic recrystallisation; EBSD; Hot working; Recovery

1. Introduction
During the hot forming of materials, strengthening and
softening processes occur that lead to a certain microstructure and corresponding mechanical properties. Industrial
processes such as rolling or forging try to fulﬁl the speciﬁcations of customers by an optimised thermo-mechanical
processing and in addition make process simulation possible, on-line or oﬀ-line [1–3]. Simple Avrami-type models
for the description of the grain structure development as
a function of recrystallisation and grain growth have been
established, whereby the necessary local strains and temperatures are supplied by ﬁnite element or ﬁnite diﬀerence
models [4–6]. In addition ferritic steels show a matrix transformation which depends on both the austenite grain size
and the cooling conditions [7]. A coupling between deformation and grain structure computation can be achieved,
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as the yield stress is derived from the actual structure conditions (i.e., grain size and eﬀective strain).
A more physical description of the structure development on the mesoscopic–macroscopic level is reached, as
one describes the temporal change of the dislocation density,
and thus models recovery and recrystallisation [8–10]. For
the latter process, an adequzate nucleation criterion must
also be found with appropriate critical conditions. Additionally, in the case of precipitation and/or dissolution of
particles, their eﬀects on the yield stress have to be considered as well as the reciprocal eﬀect between particle kinetics
and recrystallisation and/or grain growth [11].
The model presented here deduces the dislocation density and the grain size distribution for the recrystallised
and the deformed grains of a ﬁrst and second recrystallisation cycle during hot forming. Meta-dynamic and static
aspects will be discussed in a further publication. A one
parameter model was selected that considers a mean dislocation density that is compared with a critical dislocation
density for the onset of dynamic recrystallisation (DRX).
Emphasis was put on the description of DRX, therefore
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the deformed state of matter was not modelled in detail.
Hence, the following assumptions should only be valid
for metals, where recrystallisation acts as the predominant
softening mechanism. That should be suﬃciently the case
for nickel base alloys, austenitic steels and copper with
their medium to low stacking fault energy [12,13], thus an
exact modelling of dynamic recovery is not compellingly
necessary hereby. Otherwise the evolution equations for
the dislocation densities in the cell walls and inside the cell
[14], both for the deformed unrecrystallised and the recrystallising grains, would have to be considered additionally.
For the model validation, a comprehensive experimental
program has been conducted for the nickel-base Alloy
80A [15,16].
The model here ﬁnds practical use in the optimisation of
hot forming of nickel base superalloys and is in oﬀ-line use
at Böhler Edelstahl GmbH, Austria. In order to ensure the
demanded mechanical properties from rolled and forged
products, a homogeneous and completely recrystallised
structure must be achieved. The corresponding processing
can substantially be improved by the numerical simulation
of the structure development, coupled with ﬁnite elements
analysis (FEA), in particular with regard to relatively small
forming windows as well as to large gradients of temperature and deformation rate in large sized blooms. Contrary
to semi-empirical models, the approach presented here can
both consider recrystallisation cycles and the interaction of
recrystallisation and precipitations [11]. Modelling of precipitation will not be considered explicitly in this work.
In addition, the grain size distribution can be computed
and the ﬂow stress as a function of the mean dislocation
density as an input parameter for the FEA is calculated.
The model was tested for the nickel-base grades Alloy
80A as well as Alloy 718 for typical hot forming conditions
for open die forging and radial forging (950 °C < T <
1200 °C, 0:01 < e_ < 10 s1 ).
2. Experimental program
2.1. Compression tests
To conﬁrm the simulation of DRX, experiments were
performed on measured recrystallised fraction, nucleus
density and grain size distribution [17]. Samples of Alloy
80A (Böhler L306 VMR, Table 1) were cut from hot rolled
pieces, thus ensuring a completely recrystallised, ﬁnegrained and homogeneous microstructure. Hot compression tests were carried out on a Gleeble 3800e testing
system in the temperature range (950 °C 6 T 6 1200 °C)

Table 1
Chemical composition of Alloy 80A (Böhler L306VMR) in weight per
cent
C

Cr

Ti

Al

Ni

0.06

19.50

2.40

1.60

Bal.

as well as the true strain rate domain ð0:01 s1 6 e_ 6 10 s1 Þ
relevant to the subsequently described model. Fig. 1(a)
and (b) shows examples of stress–strain curves for temperatures of both 950 and 1150 °C and for diﬀerent strain
rates. Both the peak strain at maximum ﬂow stress ep
and the strain for steady-state stress ess have been estimated
by non-linear regression calculations


0:1081
582975
for T 6 1020  C;
ep ¼ 5:83  104 e_ exp
Rg T

ep ¼ 6:93  102



ð1aÞ

0:0244
476095
for T > 1020  C;
e_ exp
Rg T
ð1bÞ




0:0175
582975
_
ess ¼ 0:360 e exp
for T 6 1020  C;
Rg T


0:0342
476095
ess ¼ 0:165 e_ exp
for T > 1020  C.
Rg T

ð2aÞ
ð2bÞ

The separation in two temperature regimes is necessary in
order to account for the precipitation of carbides and the
c 0 -phase Ni3(Al,Ti) in the lower temperature regime.
Prior to loading, a solution heat treatment was done at
1220 °C for 60 s. The short annealing time was chosen to
avoid grain growth. This led to an initial grain size of
120 lm. A comprehensive microstructure analysis was performed at a test temperature of 1120 °C and at a constant
strain rate of 0.1 s1 at strains of 0.05, 0.10, . . . , 0.95, 1.
This gives a peak strain of ep = 0.178 as well as the strain
at steady-state ﬂow stress of ess = 0.623 according to Eqs.
(1b) and (2b). The cylindrical compression samples
(h = 12 mm, d = 10 mm) were cut to both longitudinal
(specimen centre) and transversal cross-sections. The latter
sections were carried out at a quarter of the specimen
height. Finite element calculations of the compression tests
proved that in this section from the centre to half the radius, the local and the global strain rate correspond. The
investigations of the microstructure have been done both
by an image analysis system and electron diﬀraction.
2.2. Light microscopy (LIMI) and automatic image analysis
The ground and polished transversal and longitudinal
sections were etched electrolytically. One quarter of every
longitudinal and transversal section was evaluated by the
commercial imaging system ImageCÓ. The ﬁrst step in
analysis was the transformation of the multi-colour image to a binary black and white image with closed grain
boundaries (Fig. 2). Several standard tools of the imaging software were combined in a macro program to
reach an optimum and reproducible transformation.
Next a standard analysing tool of the software detected
and calculated both the area and the chord length under
0°, 45°, 90° and 135° of every single grain. All grains
overlapping with the image frame were excluded from
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Fig. 1. Measured hot compression ﬂow curves of Alloy 80A for diﬀerent strain rates at T = 950 °C (a) and T = 1150 °C (b).

Fig. 2. DRX analysis by automatic image analysis of a sample of Alloy 80A at a local strain of e = 0.5 [16]. Etched (a), binarised (b) and analysed (c)
sections.

the evaluation. For the diﬀerentiation between the recrystallised grains and the deformed grains, both the diameter of the grain section area equal circle and the grain
perimeter equal circle of an analysed grain were compared [17]. The quotient of these diameters was used as
an indicator. This quotient is rather close to the ideal ratio (=1) of a circular area for the recrystallised grains.
On the contrary, with increasing progress in the recrys-

tallisation process the original grains develop a rather
frayed boundary curvature. As a consequence their
perimeter is strongly increasing. As an indicating parameter, the ratio of the diameter of a circle equivalent to
the area to the diameter of a circle with the same length
of the perimeter as that of the respective grain was used.
A value of 0.125 was found to be an appropriate
threshold.
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at 5°. Only grains with a minimum of six measuring points
were considered which lead to an observable minimum
grain size of 6 lm. Recrystallised and not yet recrystallised,
i.e. deformed grains, were distinguished by the orientation
spread within a grain (Fig. 3(a)). The area fractions of
recrystallised and deformed grains were analysed in terms
of grain size distributions, recrystallised fractions and
DRX nucleus densities (Fig. 3(b)).
3. Criteria for the onset of dynamic recrystallisation
During hot forming, the time derivative of the dislocation density q0 can be described [18] by the equation
dq0
e_
¼
 2Msq20 ;
dt
bl0
q0 ðtÞ ¼ qs tanhð2Msqs tÞ;

Fig. 3. (a) DRX analysis by EBSD of a sample of Alloy 80A at a local
strain of e = 0.5 [15]. In the orientation spread distribution of grains the
maximal grain orientation spread of recrystallised grains is set to 2°.
(b) The DRX grains show a necklace structure; deformed, not yet
recrystallised grains in black.

2.3. Scanning electron microscopy (SEM) and electron
backscatter diﬀraction (EBSD)
The investigations have been focused on the transversal
cross-sections of the specimens [15]. The samples were polished using colloidal silica and analysed by a Leo Gemini
938e. The EBSD software OIM-TSL-Analysis 3Ó was
used for the collection of orientation data as well as for
the classiﬁcation of grains due to their orientation diﬀerence (high angle grain boundary). The minimum orientation diﬀerence of two points of adjacent grains was ﬁxed

ð3aÞ
ð3bÞ

taking the strain hardening and the recovery of dislocations
into account but neglecting recrystallisation, where q0 is the
dislocation density of the unrecrystallised grains (denoted
by the index 0), e_ is the strain rate, b the Burgers vector,
1=2
l0 the mean free path of the dislocations ðl0  q0 Þ, M
the mobility of dislocations (M  Dsb/kBT, [18]), Ds the
self-diﬀusivity and s the average energy per unit length of
a dislocation. qs is the steady-state value, which is obtained
from Eq. (3a) setting dq0/dt = 0. Eq. (3a) is a simpliﬁed
form of a corresponding equation given by Stüwe [19,20].
In Eq. (3a), instead of l0, also the mean radius rsub of the
subgrains of a cell structure can be chosen. From the work
2=3
of Stüwe [19], it can be deduced that rsub  q0 b1=3 . Instead of Eq. (3), similar approaches, e.g., those proposed
by Kocks and Mecking [21] or Laasraoui and Jonas [22],
could be used.
A critical dislocation density is necessary in order to
initiate DRX and is related to the nucleation by the formation of a mobile high angle boundary under deformation conditions, which favour heterogeneity and hence
dislocation accumulation. The nucleus usually forms at
pre-existing grain boundaries in the material, at least at
higher strain rates [13]. For low strain rates and large initial grain sizes, intra granular nucleation becomes relatively more important. Apart from the initial nucleation
stage, the mean recrystallised grain size remains more or
less constant during the recrystallisation, thus there is little or no simultaneous average grain growth (compare
with Fig. 11).
Roberts and Ahlblom [23] developed a nucleation criterion, which is based upon the classical nucleation theory,
applied to conditions of current deformation. During
DRX, the concurrent deformation reduces the stored energy diﬀerence (i.e., driving force) that eﬀects migration
of a high angle boundary. Therefore, the driving force in
the regions into which the reaction is proceeding must be
higher for dynamic than for static recrystallisation if the
boundary is to migrate at the same velocity. Fig. 4 schematically depicts the high angle boundary of a potential
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tion density and a critical diameter were deduced [23]; these
were about 12% higher and about 20% lower, respectively,
than in the case of intra granular nucleation. These values
have been used in order to modify the calculated rcr and qcr
by Eq. (5).
In the following, an illuminating geometrical solution of
the critical conditions for nucleation according to Eq. (5)
will be accomplished. Therefore, the straight lines, deﬁned
by
2

Fig. 4. Dislocation density development in the vicinity of a moving
boundary of a recrystallising grain [23].

nucleus migrating from the right to left side with the velocity v.1 For an area that has just been recrystallised it is assumed that the dislocation density q0 generated by the
preceding strain is reduced to a very low value. The nucleation theory gives the net free energy change [23]
Z
4
s r
DGðrÞ ¼  pr3
½q  qb ðxÞdx þ 4pr2 cGB ;
ð4Þ
3
r 0 0
where cGB is the grain boundary energy per unit area, qb(x)
the increasing dislocation density behind the boundary
(i.e., in the newly recrystallised grain) and r the radius of
a spherical nucleus (Fig. 4). Maximising the net free energy
change produces the critical nucleation conditions




qs
M qs
rs
tanh 2
r  q0
m q0
3



sq m
M qs
0
þ
r þ 2cGB ¼ 0;
ð5Þ
ln cosh 2
3M
m q0
where m denotes the mobility of a moving high angle
boundary and qs the stationary dislocation density for dynamic recovery [23].2 Eq. (5) is valid provided that q0 stays
constant, which is not really true (Eqs. (3a) and (3b)).
However, q0 remains within a rather small range between
qcr and qs. Hence, this simpliﬁcation is acceptable. In the
model qcr is the smallest q0 as a function of r that is smaller
than qs. Eq. (5) is a transcendent highly non-linear equation in r and q0. No real critical radius rcr exists unless q0
exceeds a critical value qcr. Eq. (5) considers the case of intra granular nucleation. For the assumption of nucleation
associated with the bulging mechanism, a critical disloca-

1

x = r is the instantaneous coordinate of the nucleation site. At x = 0
the grain boundary is situated, where the point of origin is ﬁxed.
Therefore, the nucleation site is moving from left to right relative to this
coordinate system.
2
For making possible analytical integration, Roberts and Ahlblom [23]
partly used plane instead of spherical geometry; see e.g., the averaging
procedure according to Eq. (4). This does not involve notable reduction of
precision.

M qs
r¼n
m q0

ð6Þ

are intersected with the solution curve of Eq. (5) with the
same parameter n. Fig. 5 shows an example of the intersection choosing a constant value of n = 1.
The intersection point in Fig. 5 meets the following
equations:
hq
i sq m
0
rs s tanhðnÞ  q0 þ
ln ½coshðnÞ þ 2cGB ¼ 0 ð7Þ
3M
3
and
r¼

mq0
n.
2Mqs

ð8Þ

For arbitrary n the respective intersection point in Fig. 5
represents a solution of Eq. (5). Substituting r from Eq.
(8) into Eq. (7) leads to
i sq m
mq0 hqs
0
tanhðnÞ  q0 þ
n
s
ln½coshðnÞ þ 2cGB ¼ 0.
2Mqs 3
3M
ð9Þ
This is a quadratic equation for q0 and can be solved
explicitly with the assumption of q0 > 0. A parametric representation of the solutions of Eq. (5) is given by
q0 ðnÞ ¼

qs msðn tanhðnÞ þ 2 lnðcoshðnÞÞÞ
6msn
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðqs msðn tanhðnÞÞ þ 2 lnðcoshðnÞÞÞ2 þ 144nmscgb Mqs
þ
6msn

ð10Þ
and inserting q0 in Eq. (8) gives
rðnÞ ¼

qs msðn tanhðnÞ þ 2 lnðcoshðnÞÞÞ
12Mqs s
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðqs msðn tanhðnÞÞ þ 2 lnðcoshðnÞÞÞ2 þ 144nmscgb Mqs
þ
.
12Mqs s

ð11Þ
Fig. 5 shows a geometric solution of Eq. (5) for n = 1 as an
example, where n 2 (0, 1). For increasing n, lines Gn become ﬂatter and approach the horizontal axis
lim rðnÞ ¼ 1;

n!1

lim q0 ðnÞ ¼ qs

n!1

ð12Þ

and for decreasing n, lines Gn become steeper and approach
the vertical axis
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Fig. 5. Graphical depiction of the solution procedure. Intersection of the solution curve of Eq. (7) with line Gn for arbitrary n = 1. Example with
adequately chosen hot forming parameters.

Fig. 7. Calculated critical dislocation density as a function of temperature
and strain rate for Alloy 80A.

Fig. 6. Determination of the critical radius of a DRX nucleus and of the
corresponding critical dislocation density for the onset of DRX according
to Eq. (7) with variable radius r (schematic diagram). The critical
dislocation density is found at the minimum of q0(r). Relatively low
tendencies for dynamic recovery and a high grain boundary mobility
promote a recrystallisation start (a); if the driving force for DRX depends
(Eq. (4)) on the diﬀerence of qs and qcr, nucleation is only possible in a
very narrow range and with a low tendency (b); if the local conditions are
so that q0 does not fall short of the stationary dislocation density qs, no
DRX will be initiated (c).

lim rðnÞ ¼ 0;
n!0

lim q0 ðnÞ ¼ 1.
n!0

ð13Þ

For the calculation of qcr, the function q0(n) from Eq. (10)
has to be minimised. For the minimisation, the equation
\q0(n)/\n = 0 was solved by a modiﬁed Newton method

[24]. This gives the appropriate value of n as a function
of the other parameters. Fig. 6 schematically shows three
types of results that correspond to Eq. (5) and which depend on diﬀerent deformation conditions. In Fig. 6(a),
the conditions for DRX are favourable. With an increasing
mobility of dislocations M (i.e., dynamic recovery) and
with a decreasing mobility of high angle grain boundaries
m (e.g., due to the precipitation of small particles) the conditions for the onset of recrystallisation get worse
(Fig. 6(b)) or even impossible (Fig. 6(c)).
Obviously, DRX can only start if a critical dislocation
density exists that falls short of the stationary dislocation
density for dynamic recovery. Fig. 6(b) shows transition
conditions where stable DRX nuclei can be formed but
qcr is only slightly lower than qs. Hence with ongoing recrystallisation, the remaining driving force for grain boundary
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Fig. 8. Calculated critical nuclei size as a function of temperature and strain rate for Alloy 80A.

migration probably becomes sub-critical and recrystallisation will eventually stop. However, it is fairly questionable
if the criterion used for recrystallisation, which does not
consider the inhomogeneity of stored deformation energy,
is able to describe incomplete recrystallisation.
Figs. 7 and 8 depict the development of the critical dislocation density and the critical nucleus size, respectively,
in Alloy 80A in dependence on temperature and strain rate.
Only those conditions are considered that meet the requirements of the onset of DRX, described above. Hence, no
stable conditions have been found both for a strain rate
of 0.01 s1 or lower, above 1120 °C, and a strain rate of
0.1 s1 or lower, above 1200 °C.
4. Nucleation rate
In the previous section, a model developed from Robert
and Ahlblom [23] for the prediction of the critical dislocation density qcr, as well as of the critical radius rcr of a
recrystallisation nucleus was stated. Hence, both the critical deformation ecr and the associated deformation time
tcr can be calculated with Eq. (3b). However, this nucleation condition, which is based on the classical nucleation
theory, supplies no information about the mechanisms of
nucleation and about the inhomogeneities that must be involved [23]. In order to get a mathematical expression for
the nucleation rate, assumptions about nucleation and
growth mechanisms as well as about the distribution of
nucleation stimulating inhomogeneities are necessary,
which are discussed in the following.
Dynamic discontinuous recrystallisation can be considered in terms of the rate of nucleation (formation of interfaces) versus the rate of growth (migration of interfaces)
under given boundary conditions [25]. A model that considers the dynamic balance of these two rates was proposed
by Srinivasan and Prasad [12]. The nucleation consists of
the formation of a grain boundary due to dislocation gen-

eration and simultaneous recovery and rearrangement.
This interface will become a nucleus for dynamic recrystallisation if it attains a critical size and conﬁguration, i.e. a
high angle grain boundary. The nucleus will grow by the
process of grain boundary migration. Since under hot
working conditions the material acts essentially as a dissipator of power, the driving force for the migration of interfaces is the reduction of total interface energy. If nucleation
and growth occur simultaneously, the slower of the two
will control DRX.
After reaching the critical dislocation density qcr and the
critical deformation ecr, respectively, new nuclei form with
ongoing deformation. Let the probability for nucleation in
case of e > ecr and within the range of e and e + de be
P N ðe; e_ Þ de with
Z 1
P N ðe; e_ Þ de ¼ 1.
ð14Þ
ecr

During a recrystallisation cycle, the number of nuclei that
are formed between e and e + de is dN
dN ¼ N P ðtÞP N ðe; e_ Þ de

ð15Þ

and because of de ¼ e_ dt the nucleation rate per unit volume is given by
RN ðtÞ ¼

dN
¼ N P ðtÞP N ðe; e_ Þ_e.
dt

ð16Þ

Herein, NP(t) means the number of potential nuclei per
volume, which equals the number of nucleation-stimulating inhomogeneities per volume, for which up to the
time t no nuclei had yet formed. From Eq. (16) it is evident that RN(t) is proportional to e_ . For the determination of the function ½N P ðtÞP N ðe; e_ Þ the following
considerations are employed. The rate of recovering
groups of dislocations (interfaces) as a result of migration of interfaces depends upon the mobility of the
boundary. On the other hand, the rate of interface
formation is governed by the rate of generation of
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recovered dislocations. In [12], it is shown that for nickel
the rate of interface formation (nucleation) is lower than
the rate of interface migration (growth) by about four
orders of magnitude and therefore controls the dynamic
recrystallisation process. For nickel, nickel-based superalloys, as well as austenitic steels with their relatively low
stacking fault energies at high temperatures, mechanical
recovery involving cross-slip of screw dislocations can
be neglected in comparison with thermal recovery based
on climb of edge dislocations. Therefore, the rate of generation of recovered dislocations RF, i.e. the number of
dislocations available for nucleation per unit area and
unit time for these types of alloys, can be described by
[12]
RF ¼

e_ P R
.
bl0

ð17Þ

In Eq. (17), PR = exp(QSD/RT) is the probability of
recovery of dislocations, where QSD denotes the activation
energy of self-diﬀusion that equals the activation energy for
dislocation climb. The assumption above can be stated if
q0 P qcr.
The origin of recrystallisation at pre-existing high angle
grain boundaries is known to be a very important mechanism, especially at lower strains and at higher temperatures. Strain induced boundary migration may occur by
the migration of a boundary due to diﬀerent stored energies
on both sides of the boundary. If we consider a poorly
developed dislocation cell structure and large stored energy
diﬀerences between the grains, it will occur by the migration of a boundary adjacent to several cells/subgrains
[26]. In this model, nucleation is expected, if the bulged
recovered area equals the size of an over-critical, i.e. stable
nucleus.
If the initial grains are very large, e.g., what is expected
for a primary as cast structure, the low speciﬁc grain
boundary area can not act as the substantial nucleation
stimulator, thus dynamic recovery and nucleation within
the grains will become more relevant [27]. Nevertheless, if
the critical conditions for the onset of recrystallisation
are met, other nucleation mechanisms can become more
important.
Let N d ¼ Acr =l2cr be the number of dislocations per
critical nucleus, Acr the cross-section of a critical nucleus
and lcr the mean free path of dislocations with a critical
density (lcr  q1/2), whereas Nd, Acr as well as lcr are
time-dependent, if the deformation variables temperature
and strain rate are changing with time. Therefore, RF/Nd
is the number of generated nuclei per unit area and unit
time. If we assume that nuclei preferentially form at high
angle grain boundaries of the deformed grains with mean
diameter D0, the grain boundary area per unit volume is
proportional to the reciprocal of D0 ½D20 =D30 ¼ 1=D0  and
therefore [RF/(NdD0)] is proportional to the number of nuclei generated per unit volume and unit time. If KF is a factor for accommodation to the experimental data, the
nucleation rate per unit volume is

RN ðtÞ ¼

K F RF ðtÞ
K FP R
¼
e_ .
N d ðtÞD0 bl0 N d ðtÞD0

ð18Þ

A comparison with Eq. (16) gives
N P ðtÞP N ðe; e_ Þ ¼

K FP R
.
bl0 N d ðtÞD0

ð19Þ

Since the right side of Eq. (19) does not strongly depend on
time t and thus on strain e, the approximation in accordance with Eq. (18) is valid if the asymmetric bell curve
½N P ðtÞP N ðe; e_ Þ does not strongly change with e and thus
stays in the range of its plateau. That means that the
growth of the recrystallised grains must be terminated,
while the nucleation rate is still relatively high. As already
mentioned above, this restriction applies to nickel and
nickel-based alloys.
5. Recrystallisation rate
In the following, a new model is to be described that
considers two recrystallisation cycles. These cycles are
marked by the indices 1 and 2. The critical conditions for
the onset of dynamic recrystallisation, as well as the nucleation rate, are input parameters for this model and thus
can be predicted with the help of similar approaches.
The number of nuclei N per volume can be calculated at
a time of observation tb by
Z tb
RN1 ðtÞð1  f1 ðtÞÞ dt
N 1 ðtb Þ ¼
tcr1

¼

Z

tb

tcr1

K F RF1 ðtÞ
ð1  f1 ðtÞÞ dt
N d1 ðtÞD0

ð20Þ

with RF1 according to Eq. (17). In order to consider the
decreasing area of potential nuclei formation with the
ongoing recrystallisation, the nucleation rate is multiplied
by (1  f1), where f1 is the recrystallised fraction of the ﬁrst
recrystallisation cycle. It is presupposed that the nucleation
during the ﬁrst recrystallisation cycle only proceeds in
areas that are not recrystallised yet, since the recrystallised
parts are strained sub-critical. Only during the following
recrystallisation cycle can nuclei form within recrystallised
grains of the ﬁrst cycle. An expression for f(t) is deduced
below. For materials with high stacking fault energy and
thus the aﬃnity to form cell structure, a more precise
model would have to think of nucleation in terms of recovery of sessile dislocations in the cell walls.
Fig. 9 depicts the calculated development of the nuclei
density as a function of strain for Alloy 80A. Both the
EBSD measurements and model data show slightly higher
values than the LIMI results.
It is assumed that during recrystallisation for each time
step Dt a grain class is formed, consisting of DN nuclei with
the critical radius. At a time of observation tb the size of a
grain class corresponding to its time of generation tg > tcr1
can be determined by
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Fig. 9. Measured and calculated nuclei density at T = 1120 °C and e_ ¼ 0:1 s1 of Alloy 80A [17].

D1 ðtg ; tb Þ ¼ Dcr1 ðtg Þ þ 2

Z

tb

v1 ðsÞ ds;

ð21Þ

tg

with Dcr1 = 2rcr1 and tg as the time of generation of a new
grain class. The grain boundary velocity v1 depends on time
due to the precipitation of particles, changing temperature
and strain rate. Hence, the velocity of a high angle boundary during recrystallisation is the product of the boundary
mobility m, the sum of the driving and dragging forces and
a diminishing factor KS, therefore
v1 ¼ mðsDq1  P Z ÞK S ;

ð22Þ

where PZ is the Zener drag [28] and KS is a factor that represents the solute drag for high boundary velocities [29].
sDq1 denotes the stored energy diﬀerence (Dq1 = q0 
qb1(x = 0)  q0) in the vicinity of the boundary, with q0
as the mean dislocation density in the deformed grains
and qb1(x = 0)  0, see Fig. 4.
Approximating the grains as spheres, the volume of one
grain of this class is
p
V 1 ðtg ; tb Þ ¼ D31 ðtg ; tb Þ.
ð23Þ
6
[RN1(tg)(1  f1(tg)) dtg] grains are nucleated per unit volume in the time interval [tg, tg + dtg]. The volume of all
grains which are nucleated per unit volume according to
tg and tb within this time interval is [V1(tg, tb)RN1(tg)
(1  f1(tg)) dtg]. The recrystallised fraction f1(tb) at the time
tb is given by the sum over all nucleation times, starting at
the time tcr1, where the dislocation density reaches the critical value (q0 P qcr1)
Z tb
V 1 ðtg ; tb ÞRN1 ðtg Þð1  f1 ðtg ÞÞ dtg
f1 ðtb Þ ¼
tcr1

¼

p
6

Z

tb

D31 ðtg ; tb ÞRN1 ðtg Þð1  f1 ðtg ÞÞ dtg .

ð24Þ

tcr1

The volume increase of a grain nucleated at the time tg
follows from Eqs. (21) and (23)

dV 1 ðtg ; tb Þ ¼

dV 1 ðtg ; tb Þ oD1 ðtg ; tb Þ
dtb
dD1 ðtg ; tb Þ
otb

¼ pD21 ðtg ; tb Þv1 ðtb Þ dtb .

ð25Þ

It must be considered that the growing grains touch with
time. Therefore, only a fraction of the boundary W(f1) will
move, where W(f1) is a function of the recrystallised volume
fraction of the ﬁrst recrystallisation cycle and W(f1 = 1) has
to be zero at the end of this cycle. Hence, the following
relationship can be deﬁned:

n
f  fC
Sðf ; fC Þ;
ð26Þ
wðf Þ ¼ 1 
1  fC
where fC is the recrystallised volume fraction at the ﬁrst
contact time. The exponent n is an empirical constant factor and S(f, fC) is a switch function, whereat f < fC: S = 0
and f P fC: S = 1. With W(f1), the volume increase in
Eq. (25) becomes
dV 1 ðtg ; tb Þ ¼ Wðf1 ðtb ÞÞpD21 ðtg ; tb Þv1 ðtb Þ dtb

ð27Þ

and so from Eqs. (21), (23) and (27) follows the volume of a
grain at generation time tg and observation time tb
Z tb
p
V 1 ðtg ; tb Þ ¼ D3cr1 ðtg Þ þ
Wðf1 ðsÞÞpD21 ðtg ; sÞv1 ðsÞ ds
6
tg
ð28Þ
and inserting Eq. (28) in Eq. (24) gives the total volume
fraction of the recrystallised grains at observation time tb
Z tb Z tb
f1 ðtb Þ ¼
Wðf1 ðsÞÞpD21 ðtg ; sÞv1 ðsÞ ds RN1 ðtg Þ
tg ¼tcr1

s¼tg

p
 ð1  f1 ðtg ÞÞ dtg þ
6
 ð1  f1 ðtg ÞÞ dtg

Z

tb

tg ¼tcr1

D3cr1 ðtg ÞRN1 ðtg Þ
ð29Þ

with D1 according to Eq. (21).
In Fig. 10, calculated DRX kinetics for a constant strain
rate of 0.1 s1 and a temperature of 1120 °C is compared
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Fig. 10. Dynamic recrystallisation of Alloy 80A at a strain rate of 0.1 s1 and a temperature of 1120 °C. Comparison of calculation (this model) and
experiments [17].

with measured data. At a strain of 0.92, DRX has nearly
completed (EBSD data, see also Fig. 19(e)). The LIMI data
diverge from the EBSD data because the LIMI criterion
used to distinguish between recrystallised and unrecrystallised grains seems to be unemployable for DRX fractions
higher than about 70%. The calculated DRX fractions lie
between the EBSD and the LIMI measurements.
6. Recrystallised grain size and grain size distribution
Assuming spherical grains, the mean size of recrystallised grains at a time of observation Dm1(tb) can be derived
from the relationship between the mean volume of the
recrystallised grains, the recrystallised fraction and the nuclei density
V m1 ðtb Þ ¼

f1 ðtb Þ
pD3m1 ðtb Þ
¼
N 1 ðtb Þ
6

with N1(tb) according to Eq. (20).

ð30Þ

Fig. 11 depicts the development of the mean recrystallised grain size with strain for calculated as well as for measured data. This size of the recrystallised grains does not
change very much with strain, both for measured and calculated results. However, the LIMI data are ca. 20% lower
than the EBSD data. In Fig. 11, the calculated size decreases somewhat with ongoing recrystallisation. This is
because the nucleation rate decreases with continued
recrystallisation (Eq. (20)) and the remaining deformed
grain area is ﬁlled up with nuclei of critical size in the
model, thus the mean DRX size lessens. In Fig. 12, DRX
grain size of Alloy 80A is shown as a function of temperature and strain rate. As expected, the grain size increases
with increasing temperature and decreasing strain rate.
There is a formation of dN1 nuclei within the time
period dtg
dN 1 ðtg Þ ¼ RN1 ðtg Þð1  f1 ðtg ÞÞ dtg .

ð31Þ

The relative number of the grains with a diameter between
D1 and D1 + dD1 is g(D1) dD1, if g(D1) is the function of
the grain size distribution. Hence, g(D1) dD1 is equal to

Fig. 11. Development of the mean DRX grain size with time (Alloy 80A, T = 1120 °C, e_ ¼ 0:1 s1 ). In both the EBSD and LIMI analysis, twins were
removed (EBSD) and not etched (LIMI), respectively, to get comparable grain sizes [15,16].
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Fig. 12. Mean recrystallised grain size of Alloy 80A at diﬀerent strain rates and temperatures. Comparison of calculations (this model) and experiments
[30].

the relative number of grains which form between tg and
tg + dtg
dN 1 ðtg Þ RN1 ðtg Þ
¼
ð1  f1 ðtg ÞÞ dtg ¼ gðD1 Þ dD1 ;
N 1 ðtb Þ
N 1 ðtb Þ
oD1
dDcr1 ðtg Þ
¼ 2v1 ðtg Þ þ
;
dtg
otg

ð32aÞ
ð32bÞ

with D1 = D1(tg, tb) according to Eq. (21). From Eqs. (32a)
and (32b) follows the distribution function:
gðD1 ðtg ; tb ÞÞ ¼

RN1 ðtg Þð1  f1 ðtg ÞÞ
h
i.
dD ðtg Þ
N 1 ðtb Þ 2v1 ðtg Þ þ cr1
dtg

ð32cÞ

The time of observation equals the time of deformation end
te during experiments, therefore tb = te. Since at the time of
observation tb = te the time of generation tg of a grain size
class with size between D1 and D1 + dD1 is not known, tg

must be eliminated from Eq. (32c). Thereto Eq. (21) has
to be solved after tg and the latter has to be inserted into
Eq. (32c). This would result in an analytic expression of
g as a function of D1 with tb as a parameter. Since this is
not possible here, for a given D1, g(D1) has to be determined numerically. Therefore tg is iteratively calculated
from Eq. (21) for several D1 within the time interval [tcr, tb]
and used in Eq. (32c). Hence, values of the distribution
function assigned to D1 result. Using this function, the
mean diameter within the recrystallised region is
Z Dmax ðtg Þ
D1 ðtg ; tb ÞgðD1 ðtg ; tb ÞÞ dD1 .
ð32dÞ
Dm1 ðtb Þ ¼
Dmin ðtb Þ

This deﬁnition of Dm1 is equivalent to Dm1 of Eq. (30).
Fig. 13 compares calculated and measured logarithmic
size distributions of recrystallised grains for the Alloy
80A at a strain of 0.5 [16]. In the analysed EBSD data,

Fig. 13. Distribution of the mean recrystallised grain size (Alloy 80A, T = 1120 °C, e_ ¼ 0:1 s1 , e = 0.5) [15,16].
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twins were removed to get comparable grain sizes [15]. The
two-dimensional measured size distribution was transformed into a three-dimensional logarithmic distribution
[31] to ensure comparability. The measured critical nucleus
size seems to be around 6–10 lm (10.3 lm in the calculation) for these conditions. The maximum frequency of
the measured data is situated at slightly lower values in
comparison to the calculated data.
7. Dislocation density
The mean dislocation density q1 within a recrystallised
grain of diameter D1 can be obtained by the quotient of
the total dislocation length within the grain and the volume
of the grains "
#
Z tb
3
1
pD
q1 ðtb Þ ¼
qð_e; tb  tÞV_ 1 ðtÞ dt þ qð_e; tb  tg Þ cr1 .
V 1 ðtb Þ t¼tg
6
ð33Þ
V1(tb) and V_ 1 ðtÞ are given by Eqs. (28) and (25), furthermore q is calculated by Eq. (3b).
In Fig. 14, the maximum dislocation density at an arbitrary time of observation is in the centre of a recrystallised
grain (i.e., within the critical radius). The local age and thus
the local straining within this grain decreases with the distance to the centre. This should be valid at least in the early
stages of a recrystallised grain, when the growing grains
have not already touched. Summing up over all grain classes gives the mean dislocation density fraction qm1(tb) within the region of the recrystallised grains
"Z
Z tb
tb
1
Wðf1 ðsÞÞpD21 ðtg ; sÞv1 ðsÞ
qm1 ðtb Þ ¼
f1 ðtb Þ tg ¼tcr1 s¼tg
 q1 ð_e; tb  sÞ ds RN1 ðtg Þð1  f1 ðtg ÞÞ dtg
#
Z
p tb
3
þ
q ð_e; tb  tg ÞDcr1 ðtg ÞRN1 ðtg Þð1  f1 ðtg ÞÞ .
6 tg ¼tcr1 1
ð34Þ

The dislocation length within the recrystallised volume
fraction f1(tb) is calculated by the sum of the integrals on
the right hand side of this equation. Therefore, the expression in brackets has to be related to f1(tb).
The total mean dislocation density during DRX can
therefore be deﬁned by
qm ðtb Þ ¼ q0 ðtb Þð1  f1 ðtb ÞÞ þ qm1 ðtb Þf1 ðtb Þ

ð35Þ

where q0 is the dislocation density of the unrecrystallised
fraction (related to Eq. 3).
The modelled increase of the dislocation density from
the moving grain boundary towards the grain centre
(Fig. 14(b)) should have no main inﬂuence on the nucleation site. With grain boundary nucleation, the recrystallised grains do not grow very much further (Fig. 11,
[33]). Hence, the dislocation density gradient cannot be
very pronounced in the single DRX grains. This can also
be deduced from Fig. 3, where the DRX grains seem to
be rather equiaxed and of the same size. Also the grain orientation spread for the DRX grains shows a single and
small peak in Fig. 3(a), thus indicating a rather even energy
distribution over all DRX grains.
8. Second recrystallisation cycle
It is assumed that the nuclei of a second recrystallisation
cycle will form at the contact points of the grains of the ﬁrst
cycle if the mean dislocation density of the ﬁrst cycle
reaches the critical dislocation density for the onset of dynamic recrystallisation. Both the critical dislocation density
and the critical radius for the second recrystallisation cycle
depend on the actual process conditions, i.e. strain rate and
temperature that predicts the grain boundary and dislocation mobility, as well as the stationary dislocation density
for dynamic recovery (Eq. 3). The nucleation rate within
this second cycle changes with the size of the recrystallised
grains of the ﬁrst cycle Dm1. In the case of high recrystallisation rates compared to the strain rate, the second recrys-

Fig. 14. Dislocation density within a recrystallising grain at times tb1 and tb2 (schematic depiction); grain size at times tb1 and t2 (a); dislocation density
distribution within grains at times tb1 and tb2 (b) [32]. The dislocation density decreases from the centre to the grain boundary. The level of the dislocation
density increases with increasing strain (e2 > e1, i.e. time of observation tb2 > tb1).
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tallisation cycle will start before the ﬁrst cycle has completed [34].
Up to now, only the ﬁrst recrystallisation cycle was
considered, which ends with f = f1 = 1 and is not inﬂuenced by a second cycle. In the following, the indices
1, 2, . . . , n represent the observed recrystallisation cycles.
In analogy to Eq. (20), the number of nuclei of a second
recrystallisation cycle that are formed within the ﬁrst
recrystallised fraction is
Z tb
N 2 ðtÞ ¼
RN2 ðtÞð1  f2 ðtÞÞ dt
tcr2

¼

Z

tb

tcr2

K F RF2 ðtÞ
ð1  f2 ðtÞÞ dt;
N d2 Dm1

ð36Þ

where Dm1 is the mean grain diameter of the ﬁrst recrystallisation cycle, RN2 is the nucleation rate per volume of the
second recrystallisation cycle, N d2 ¼ Acr2 =l2cr2 is the number
of dislocations per critical nucleus, Acr2 is the cross-section
of a critical nucleus and lcr2 is the mean free path of dislo1=2
cations with a critical density ðlcr2  qcr2 Þ. The newly
formed nuclei within the time step dtg at the time tg are
dN 2 ðtg Þ ¼ RN2 ðtg Þð1  f2 ðtg ÞÞ dtg

ð37Þ

thus the grain size distribution function g2(D2) of the second recrystallisation cycle is deﬁned by
dN 2 ðtg Þ
RN ðtg Þ
¼ g2 ðD2 Þ dD2 ¼ 2
ð1  f2 ðtg ÞÞ dtg ;
N 2 ðtb Þ
N 2 ðtb Þ

ð38Þ

which gives g2 in analogy to Eq. (32c). Deducing from Eq.
(29), the recrystallised fraction of the second generation is
Z tb Z tb
Wðf2 ðsÞÞpD22 ðtg ; sÞv2 ðsÞ ds RN2 ðtg Þ
f2 ðtb Þ ¼
tg ¼tcr2

s¼tg


p
 1  f2 ðtg Þ dtg þ
6

Z

tb

tg ¼tcr2

D3cr2 ðtg ÞRN2 ðtg Þ

 ð1  f2 ðtg ÞÞ dtg ;

ð39Þ

where tcr2 is the time where the grains of the ﬁrst recrystallisation cycle experience the critical conditions for the onset
of a second recrystallisation cycle and v2 is the grain
boundary velocity of the second recrystallisation cycle in
analogy to Eq. (22) (Dq2 = qm1  qb2 (x = 0)  qm1), which
can be calculated from the mean dislocation density of the
ﬁrst cycle qm1
v2 ¼ mðsDq2  P Z ÞK S .

ð40Þ

In analogy to Eq. (34), the mean dislocation density fraction of the recrystallised grains of the second cycle is
1
qm2 ðtb Þ ¼
f2 ðtb Þ

"Z

tb
tg ¼tcr2

Z

tb

Wðf2 ðsÞÞpD22 ðtg ; sÞv2 ðsÞ

s¼tg

 q2 ð_e; tb  sÞ ds RN2 ðtg Þð1  f2 ðtg ÞÞ dtg
#
Z
p tb
3
þ
q ð_e; tb  tg ÞDcr2 ðtg ÞRN2 ðtg Þð1  f2 ðtg ÞÞ dtg .
6 tg ¼tcr2 2

ð41Þ
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9. Prediction of overall structure and ﬂow stress
The total recrystallised volume fraction is assumed to be
equal to the fraction of the ﬁrst cycle (f = f1) because the
second recrystallisation front only exists within the recrystallised structure of the ﬁrst generation. To describe the
mean grain size Dm for all grain size classes and two recrystallisation cycles, a simple approach, shown here for two
cycles, was chosen
Dm ðtb Þ ¼ D0 ð1  f1 ðtb ÞÞ þ Dm1 ðtb Þðf1 ðtb Þ  f2 ðtb ÞÞ
þ Dm2 ðtb Þf2 ðtb Þ;

ð42Þ

where the indices 1 and 2 denote the number of recrystallisation cycle, Dm1 and Dm2 are the mean grain size of the
ﬁrst and second recrystallisation cycle, respectively, and
D0 is the mean grain size of the unrecrystallised grains.
Fig. 15 shows the calculated DRX and total mean grain
sizes, as well as the recrystallised fractions with strain at
a constant strain rate and temperature.
In Fig. 15, the mean grain size of the ﬁrst cycle (Dm1)
reaches a ﬁnal size of 24 lm after a DRX fraction of ca.
30%. The second cycle (Dm2) starts at a strain of 0.68
and the corresponding recrystallised grains reach a ﬁnal
size of 18 lm.
In the case of two DRX cycles, for the calculation of the
total mean dislocation density it has to be considered that
all grains of the second generation lie within the ﬁrst cycle
structure. Hence, it follows in analogy to Eq. (42)
qm ðtb Þ ¼ q0 ðtb Þð1  f1 ðtb ÞÞ þ qm1 ðtb Þðf1 ðtb Þ  f2 ðtb ÞÞ
þ qm2 ðtb Þf2 ðtb Þ.

ð43Þ

The second term in Eq. (43), qm1(f1  f2), can be predicted
by qm1f1(1  f2/f1), where qm1f1 is given with Eq. (34).
In Fig. 16, q0 indicates the dislocation density in the
unrecrystallised structure, which reaches a steady-state value after exceeding the critical value for recrystallisation.
qm1 and qm2 are the mean dislocation densities of the ﬁrst
and second cycle, respectively. qm denotes the total mean
dislocation density, on which the ﬂow curve is based. The
grains of the second recrystallisation cycle reach the critical
conditions for the onset of recrystallisation at a strain of
ca. 0.85. Hence, a third recrystallisation cycle is initiated.
The lack of the insertion of this third cycle into the model
also leads to the not physically based rise of the total mean
dislocation density at this critical strain.
The ﬂow stress during hot forming in general depends
on the resistance of the material to moving dislocations.
At high temperatures, this resistance can be increased by
sessile dislocations, particles and solute atoms, and not
likely by grain boundaries
pﬃﬃﬃﬃﬃﬃ
r ¼ M T aGb qm þ rp þ rs ;
ð44Þ
where MT is the mean Taylor factor for poly-crystals, a is a
constant, G is the shear modulus and rp and rs indicate the
ﬂow stress increase due to particles and solute atoms,
respectively [32].
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Fig. 15. Development of the calculated recrystallised mean grain size, as well as the recrystallised fraction within the ﬁrst and second cycle and the total
mean grain size during dynamic recrystallisation of Alloy 80A at T = 1120 °C and e_ ¼ 0:1 s1 . The initial grain size is 120 lm.

Fig. 16. Development of the calculated total mean dislocation density qm and the dislocation density fractions of both the ﬁrst q1mf1 and second q2mf2
recrystallisation cycle, as well as the unrecrystallised dislocation density fraction q0(1  f1) during dynamic recrystallisation of Alloy 80A at T = 1120 °C
and e_ ¼ 0:1 s1 . qm does not correspond to the sum of the other dislocation density fractions because qm is given by Eq. (43). Therefore, the kink of qm is
caused by the beginning of the second recrystallisation cycle. The initial grain size is 120 lm.

Fig. 17. Comparison of calculated and measured peak stresses from compression tests of Alloy 80A at e_ ¼ 1 s1 .
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In Fig. 17, measured and calculated peak stresses are
compared for diﬀerent temperatures at a constant strain
rate of 1 s1 (Alloy 80A).
10. Discussion
10.1. Conditions for dynamic recrystallisation
In Eq. (3) an approach of Stüwe [19,20], simpliﬁed by
Sandström and Lagneborg [18] was chosen to describe
the dislocation density rate during hot forming neglecting
recrystallisation. In that work, only one overall class of dislocations was considered, neglecting the diﬀerent densities
in the subgrain walls and in-between. This might be an
oversimpliﬁcation because both the dislocation generation
and the recovery rates are diﬀerent for these regions.
Recovery in the subboundaries was observed to be much
slower than within the subgrains [18]. Next the size of the
mean free path of dislocations in the subgrain interior
may be quite large compared to that in the subgrain walls.
With regard to recrystallisation, both types of dislocations
contribute to the driving force. In [18], it is stated that the
dislocation density in subgrain walls is so much greater
than in the interior that the latter can be neglected
from the point of view of DRX. Otherwise, it is proposed
that the ﬂow stress (Eq. (44)) is determined by the density
of the interior dislocations. However, the volume ratio of
the subgrain interior and the subgrain walls has to be
considered.
However, in this work no attention was paid in the early
development of the inhomogeneous distribution of the
stored energy, i.e. the presence of subgrains. This is a serious omission at high Zener–Hollomon parameters (Z)
when the critical nucleus size and the mean subgrain diameter become comparable. Also the theory predicts that
DRX should not occur at high temperatures and low strain
rates because the critical dislocation density is greater than
that corresponding to a balance between work hardening
and recovery. Such a deduction is not in accordance with
e.g., DRX in creep. Hence, a proper consideration of the
inhomogeneity of driving force distribution seems to be
inevitable to account for the experimentally observed
DRX behaviour over the whole range of Z.
10.2. Nucleation
Sakai and Ohashi [35] described the sub-structural evolution during the deformation of nickel. They showed that
a cellular dislocation substructure developed even at very
low strains. The cell size decreased and the cell boundaries
became more clearly delineated with increasing strain until
around the peak strain. The cell size and the dislocation
density near the grain boundaries were, respectively, smaller and higher than those in the interior of the grain.
Recrystallisation nuclei formed at the peak strain in the regions of greatest strain concentration, such as the existing
grain boundaries. The dislocation sub-structures could be
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classiﬁed in three categories: DRX nuclei, containing very
few dislocations; growing DRX grains, containing poorly
developed sub-structures and a dislocation density gradient; large grains which contain fairly homogeneous and
more clearly developed dislocation sub-structures. Both
the DRX grain size at high strains and the cell size in the
fully developed sub-structures increased systematically
with decreasing Z (or ﬂow stress) in nickel [36]. Thence
the following correlations have been found: d c  D0:77
m1
and rpeak  D0:77
m1 .
There is strong evidence that DRX nuclei form by
growth from pre-existing cells or subgrains in the deformed material [26]. The most likely method of forming
a nucleus is by discontinuous growth of subgrains in orientation gradients. Faster growing subgrains acquire more
misorientation and more mobile dislocations, thus resulting in the creation of high angle boundary and a nucleus
when suﬃcient growth has occurred to reach the critical
nucleus size. In addition, twinning can occur in metals
of lower stacking fault energy, and there is evidence that
this often occurs in the early stages of recrystallisation
and may create the required mobile high angle boundary
needed for recrystallisation [37]. The origin of recrystallisation at pre-existing high angle boundaries is known to
be a very important mechanism, occurring particularly
at lower strains and after high temperature deformation.
Sakai [38] pointed out that nucleation of a DRX grain
at grain boundaries consists of the following processes:
boundary corrugation accompanied by the evolution of
sub-boundaries; partial grain boundary sliding, leading
to the development of inhomogeneous local strains; bulging of parts of a serrated grain boundary accompanied by
the evolution of dislocation sub-boundaries or twinning.
For austenitic steels, Frommert et al. [39] indicated that
at high temperatures (1373 K) and low strains, new grains
are generated by bulging of pre-existing grain boundaries
and by local instabilities of the sub-structure near the
grain boundary. This is in good accordance with the investigations of Alloy 80A (Fig. 3(b)). At lower temperatures
(T < 1273 K) nucleation of DRX originated at initial grain
boundaries by the mechanism of sub-structure growth into
an orientation gradient.
Both subgrain growth in orientation gradients and
nucleation at pre-existing grain boundaries require dislocation recovery mechanisms [26]. Hence in this work, a simple approach was used for the nucleation, namely that the
nucleation rate at high temperatures in fcc materials with
low stacking fault energies is governed by the recovery rate,
thus on the climb velocity of edge dislocations.
10.3. Nucleation strands and cycles
In this work it was assumed that all DRX nuclei form at
pre-existing grain boundaries of the deformed grains and
thereafter grow into the deformed matrix. During the
second DRX cycle, the nuclei form at the boundaries of
the recrystallised grains, which are strained due to the
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concurrent deformation. However, this would lead to elongated grains, because the growth within the nucleation
plane (i.e., grain boundary plane) is hindered due to other
nuclei. Gottstein [40] argued that after the ﬁrst strand of
necklace grains is completed along the prior grain boundary, it is quite diﬃcult for bulging to take place at the interface because of the very high boundary curvature of the
ﬁne grains in the ﬁrst strand. Sakai [38] stated that grain
boundary sliding is expected to take place predominantly
in the ﬁne grained necklace regions. This brings out a high
dislocation density gradient in these new grain interiors
accompanied by grain rotation. Then the new grains in
the second strand are expected to form by the bulging of
portions of the interface between the ﬁrst necklace region
and the deformed matrix. Therefore, a more precise nucleation model should also include the formation of diﬀerent
strands within one recrystallisation cycle. Roberts et al. [41]
made such an attempt to adapt CahnÕs treatment of kinetics of grain boundary nucleated reactions [42] to dynamic
recrystallisation in a model of repeated nucleation at the
transformation interface.
The second DRX cycle most likely will start at the
boundaries of the ﬁrst strand of the DRX grains of
the ﬁrst cycle, which consist of the oldest and thus most
strained grains of the ﬁrst DRX cycle. If the latter experience a critical dislocation density, nuclei of the second
DRX cycle will form here. That should be observable
in the case of relatively large initial grains (i.e., few
nucleation sites) and steady-state conditions with a small
DRX grain size. Hence, the DRX grain size of the ﬁrst
cycle should be in between the size distributions of the
initial and the DRX grains of the second DRX cycle.
Fig. 18 depicts the grain size distribution measured by
EBSD at a deformation state where a second DRX cycle
should have been initiated and thus two grain size distributions should be observable if the assumptions from
above are met (compare with Fig. 19(e)). There are not

two explicit separated size distributions, but one could
possibly distinguish between a ﬁrst cycle and a second
cycle with maximum frequencies at 24–32 and 6–12 lm,
respectively. However, additional more precise investigations are necessary, particularly with diﬀering initial
grain sizes.
Multi-peak DRX (i.e., synchronised DRX) takes place
at low Zener–Hollomon parameters and is characterised
by the nucleation of all new grains between ecr and ep
and the growth of these grains is restricted to the
DRX interval within one cycle [43]. No further nucleation events occur during one DRX interval and growth
is substantially before recrystallisation can once more be
initiated; hence no necklaces can be found in this case.
Here, the implemented nucleation model is restricted to
continuous nucleation (see Section 4), i.e. the formation
of a typical structure with DRX strands and thus cannot
describe multi-peak DRX. However, in this paper, attention is turned on the DRX kinetic after nucleation. Thus
the critical conditions for the onset of DRX as well as
the nucleation rate are more or less input parameters
for the developed model.
In the model presented, a second DRX cycle is initiated
if the mean dislocation density of the ﬁrst DRX grains exceeds the critical dislocation density. Thus the nucleation
rate of the second cycle is related to the mean DRX grain
size and the dislocation density of the ﬁrst DRX cycle.
The formulation of a third DRX cycle has not yet been
implemented into the model, hence the calculated evolution
of DRX is restricted to two cycles. A steady-state of DRX is
fairly well reached within these two DRX cycles for the chosen example (Alloy 80A at T = 1120 °C and e_ ¼ 0:1 s1 )
thus two DRX cycles satisfy the representation of steadystate. Depending on the material, temperature and strain
rate, steady-state could also be reached within a third or
higher DRX cycle. In this case, the model would only describe a transient state of DRX.

Fig. 18. Distribution of the recrystallised grain size (Alloy 80A, T = 1120 °C, e_ ¼ 0:1 s1 , e = 0.92) [15].
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Fig. 19. Grain maps of both the deformed (top) and recrystallised (bottom) fraction as a function of strain, with the strain values atop of the image
(coherent twins removed). The black areas represent the complementary fraction, the arrows show incoherent twins (0.30) [15].

10.4. Grain size development and recrystallisation rate
Concurrent deformation causes work hardening to take
place within the dynamically growing grains, so that the
driving force for growth is gradually reduced, becoming
ineﬀective when the grains reach a stable size. The grain
size during necklace recrystallisation can therefore be considered to be growth controlled (Eq. (21)). In the case of
grain boundary nucleation, the DRX grain size immediately attains the ﬁnal stable size [13]. This is because
nucleation occurs essentially at the existing boundaries
and the necklace mechanism generally operates. The measured data in Fig. 11 clearly indicate that not much further increase of the mean recrystallised grain size
occurred after nucleation. In this model, there is no formation of diﬀerent strands with equiaxed DRX grains
considered, thus the recrystallised grains theoretically are
able to grow further into the deformed grains. Indeed, if
nucleation is conﬁned exclusively to the pre-existing grain
boundaries, then the resulting recrystallised grains should
be elongated, which is in disagreement with experiments
where dynamically recrystallised grains are observed to
be equiaxed (Figs. 2 and 3(b)). In the presented theory,
nucleation is considered as long there are unrecrystallised
deformed grains left (Eq. (20)). Moreover, the recrystallisation behaviour can be tuned by a decreasing fraction of
movable grain boundaries due to the contact between
adjacent DRX grains (Eq. (29)). This is not really identical with the formation of DRX strands. However, with
the two parameters fc and n in Eq. (26), the recrystallisation rate can be adapted phenomenologically to experimental results. Fig. 19(d) indicates that at a strain of
0.70 (i.e., after a recrystallised fraction of ca. 70–80%,
compare with Fig. 10), the formation of strands of recrystallised grains have nearly ﬁnished. There is only the
innermost area of the deformed grains left which is conﬁrmed by some few grains in Fig. 19(d) that were cut in
their maximum cross-section and thus show some amount
of unrecrystallised areas. With ongoing recrystallisation,
the formation of DRX grains is ﬁnished and the remaining gaps between the small recrystallised grains are ﬁlled

by the growth of the DRX grains (Fig. 19(e)). Hence, this
retarded DRX rate is well represented by the decrease of
the inclination of the calculated Avrami-type curve in
Fig. 10.
11. Summary
In this work, a model for the description of dynamic
recrystallisation is introduced. The total dislocation density
is used as a state variable and predicts the onset of recrystallisation, if reaching critical conditions. The latter is deduced from maximising the net free energy based on the
nucleation theory of spherical grains. It is shown that both
the mobilities of dislocations and grain boundaries strongly
aﬀect the aﬃnity of the material to initiate recrystallisation
during hot deformation. The nucleation rate is calculated
depending on the rate of generation of recovered dislocations that was found to depend on the climb velocity of
edge dislocations for this type of alloys with relatively
low stacking fault energies. The size of the recrystallising
grains depends on the critical size of the recrystallisation
nuclei, the nucleation rate and the velocity of the moving
large angle grain boundaries. The recrystallised fraction
can be derived from the number of recrystallised grains
per volume and their mean volume. In each recrystallised
grain, the dislocation density increases with time due to
the ongoing deformation. If the dislocation density of the
recrystallised grains reaches the corresponding critical
strain for recrystallisation, a second recrystallisation cycle
will start at the contact points of the recrystallised grains
of the ﬁrst cycle. With the help of both automatic image
analysis systems and electron back scatter diﬀraction, calculated data can be compared to measurements. In the
investigations, it was not possible to distinguish between
recrystallised grains of a ﬁrst and second recrystallisation
cycle, respectively. Possibly, for better experimental investigations, very low strain rates are required to create conditions where a second recrystallisation cycle is initiated
when the ﬁrst cycle is nearly completed. However, such
conditions also favour dynamic recovery instead of
recrystallisation.
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The model presented will be further developed by
including a more precise description of the inhomogeneous
distribution of deformation energy, i.e. subgrains and different dislocation classes. More emphasis will be placed
on a detailed model of the nucleation of DRX strands within DRX cycles. A treatment of meta-dynamic recrystallisation related to the model presented here will be published.
Appendix A
List of symbols and relevant not time-dependent values
for Alloy 80A at a temperature of 1120 °C and a strain rate
of 0.1 s1. The indices 1 and 2 of the ﬁrst and second
recrystallisation cycles are omitted in this list.
Acr
b
dc
D
Dcr
Dm
Ds
D0
f
fc
g
G
DG
KF
KS
lcr
l0
m
M
MT
n
N
Nd
Np
PN
PR
PZ
QSD
r
rcr
Rg
RF
RN
S
t

cross-section of a critical nucleus (1.7E  10 m2)
Burgers vector (2.5E  10 m)
cell size in the fully developed sub-structure
grain size
critical size of a recrystallisation nucleus
(14.7E  6 m)
total mean grain size
self-diﬀusivity (4E  15 m2/s)
mean grain size of unrecrystallised grains
(120E  6 m)
recrystallised fraction
recrystallised volume fraction at the ﬁrst contact
time of individual recrystallising grains
grain size distribution function
shear modulus (5.3E10 Pa)
free energy change
constant (1.0)
solute drag for high boundaries velocities
mean free path of dislocations with a critical density (1.2E  8 m)
mean free path of dislocations within unrecrystallised grains
mobility of a high angle grain boundary
(3.6E  10 m3/sN)
mobility of dislocations (1.0E  5 m2/sN)
Taylor factor for poly-crystals (3.06)
constant for the prediction of W(0.5)
number of nuclei (i.e., grains) per volume
number of dislocations per critical nucleus (1.2E6)
number of potential nuclei per volume
probability for nucleation in case of e > e cr
probability of recovery of dislocations (7.1E  7)
Zener drag
activation energy for self-diﬀusion (367.5 kJ/mol)
radius of a grain
critical radius of a recrystallisation nucleus
(7.35E  6 m)
molar gas constant (8.3143 J/mol K)
rate of generation of recovered dislocations
nucleation rate per volume
switch function
time

tb
tcr1

tcr2

tg
tg,i
x
V
Vm
a
e_
cGB
qb
qcr
qs
qm
q0
Dq
r
rp
rpeak
rs
s
W

time of observation
time of reaching the mean critical dislocation density of unrecrystallised grains (i.e., start of ﬁrst
recrystallisation cycle)
time of reaching the mean critical dislocation density of recrystallised grains of the ﬁrst cycle (i.e.,
start of second recrystallisation cycle)
time of generation (i.e., nucleation time)
time of generation (i.e., nucleation time) of grain
class i
local coordinate
grain volume
mean grain volume
constant
strain rate (0.1 s1)
grain boundary energy per unit area (0.61 J/m2)
increasing dislocation density in a new recrystallised grain behind the moving boundary
critical dislocation density for the onset of dynamic recrystallisation (2.4E14 m2)
stationary dislocation density for dynamic recovery (4.0E14 m2)
total mean dislocation density
mean dislocation density of unrecrystallised grains
dislocation density diﬀerence at the recrystallisation front
ﬂow stress
ﬂow stress fraction due to particles
maximum ﬂow stress
ﬂow stress fraction due to solute atoms
average energy per unit length of dislocation
(1.7E  9 J/m)
moveable fraction of a high angle grain boundary
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